Free Vibration Analysis of an Asymmetric Sandwich Beam Resting on a Variable Pasternak Foundation  by Pradhan, M. et al.
 Procedia Engineering  144 ( 2016 )  116 – 123 
1877-7058 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of ICOVP 2015
doi: 10.1016/j.proeng.2016.05.014 
ScienceDirect
Available online at www.sciencedirect.com
12th International Conference on Vibration Problems, ICOVP 2015 
Free Vibration Analysis of an Asymmetric Sandwich Beam Resting 
on a Variable Pasternak Foundation 
M Pradhan*, M K Mishra, P R Dash 
Department of Mechanical Engineering, VSSUT, Burla, Odisha,  768018, India 
Abstract 
The free vibration analysis of a three layered asymmetric sandwich beam resting on a variable Pasternak foundation subjected to 
a pulsating axial load have been carried out under various boundary conditions by the computational method. A set of Hill’s 
equations has been obtained by the application of extended Hamilton’s principle and generalized Galerkin’s method. The effects 
of elastic foundation variation parameter, thickness ratio of two elastic layers, elastic modulus ratio, the ratio of length of the 
beam to the thickness of the elastic layer, the ratio of the modulus of the shear layer of foundation to the Young’s modulus of 
elastic layer, the ratio of shear modulus of the core to the Young’s modulus of the elastic layer, the ratio of the thickness of the 
Pasternak foundation to the length of the beam and core loss factors on the natural frequency have been studied. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
Sandwich structural elements are in use for many years in aerospace, ships, military aircrafts and in many other 
industries, because of their superiority over homogenous ones, when high strength and stiffness-to-weight ratios are 
desirable. In mechanical engineering many applications are there for beams on elastic foundation. Many researchers 
have studied the vibration and stability of beams on elastic foundation. 
Heteny [1] studied the concept of beams on elastic foundation in details. Yokoyama [2] investigates the effect of 
an elastic foundation on the static buckling loads, natural frequencies, and regions of parametric instability of 
Timoshenko beams. The parametric instability of a non-uniform beam with thermal gradient resting on a Pasternak 
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foundation was studied by Kar and Sujata [3]. The same authors investigated the parametric instability of 
Timoshenko beams resting on a variable Pasternak foundation [4]. In [5] the variation of natural frequencies with 
rotary inertia, shear deformation, elastic foundation constants of a Timoshenko beam were investigated by Wang and 
Stephens. Ditaranto [6], Mead and Sivakumaran [7], Mead and Markus [8] and Asnanai and Nakra [9] studied the 
free vibration analysis of sandwich beam by using the classical approach. The free vibration of sandwich beam by 
using dynamic stiffness method was studied by Banerjee [10]. Banerjee et.al [11] derived a tenth-order differential 
equation of motion for a 3-layered sandwich beam of unequal thickness and studied the free vibration characteristics 
using an accurate dynamic stiffness model.  
Parametric instability of magnetorheological elastomer based sandwich beam with conductive skins under various 
boundary conditions was addressed by Nayak et.al. [12].  Banerjee [13] et.al studied the free vibration of three-
layered sandwich beam using the dynamic stiffness method. Dwivedy et.al. [14] studied the parametric instability 
regions of three-layered soft-cored sandwich beam using higher-order theory. Dwivedy et.al. [15] also studied the 
parametric instability regions of a soft and magnetorheological elastomer cored sandwich beam. The dynamic 
stability of an asymmetric sandwich beam resting on a Pasternak foundation was studied by Dash et.al. [16]. Nayak 
et.al. [17] investigated the static stability of a viscoelastically supported asymmetric sandwich beam with thermal 
gradient. The general analysis of damping by a damping constrained viscoelastic layer was carried out by Kerwin 
[18].  Lenci et.al. [19] studied the nonlinear free dynamics of a two-layer composite beam with different boundary 
conditions. Nayak et.al. [20] investigated the dynamic stability of magnetorheological elastomer based adaptive 
sandwich beam with conductive skins using FEM and the harmonic balance method. The same authors also studied 
vibration analysis of a three-layer MRE embedded sandwich beam with conductive skins using FEM [21]. The 
parametric instability of a sandwich beam under various boundary condition was investigated by the Ray and Kar 
[22]. 
It has been observed from the above literature that no work has been done to study the free vibration analysis of 
asymmetric sandwich beam on Pasternak foundation. Thus in this work an effort has been made to study the free 
vibration of a three-layered asymmetric sandwich beam resting on a variable Pasternak foundation under different 
boundary conditions. The effects of core loss factor, geometric parameters, elastic foundation parameter and 
modulus ratios on the natural frequency of the system are investigated by computational method and the results are 
presented graphically. 
 
Nomenclature 
Ai (i=1,2,3)Areas of cross section of a 3 layered beam,  12h  1 2h h  
 i = 1 for top layer     31h  3 1h h  
B  Width of beam       1hl  1l h  
c h1 + 2h2 + h3      t  Time 
Ei (i =1,2,3) Young’s Module, i = 1 for top layer   Y  Geometric Parameter 
Gs  Modulus of the shear layer of a Pasternak Foundation  w  w l  
2
*G  2 1G ( j )K complex shear modulus of core   x  x l  
g*  1g( j )K  complex shear parameter   iU  Density of ith layer 
g  Shear Parameter      m Mass per unit length 
1P  Non dimensional amplitude for the dynamic loading  D  1 1 3 3E A E A  
d  Thickness of the shear layer of a Pasternak foundation 0t  4 1 1 3 3ml E I E I    
Z  Frequency of forcing function     31E  3 1E E  
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2. Formulation of Problem 
 
 
 
 
 
 
Fig. 1. System Configuration 
A viscoelastic sandwich beam of length l, resting on a variable Pasternak foundation is shown in figure 1. The top 
face layer of the beam is made of an elastic material of thickness 12h and Young’s modulus 1E . The core is made of a 
linearly viscoelastic material with a shear modulus  *2 2 1G G jK  , where 2G  is the in-phase shear modulus, K is 
the core-loss factor and 1j   . The bottom layer is of thickness 32h and Young’s modulus 3E . The foundation is 
comprised of equal and closely placed vertical springs with a variable spring constant    2/ /K x N m m , supporting 
a shear layer of thickness d, with a shear modulus of sG . The beam is subjected to an axial pulsating load, 
0 1( ) cosP t P P tZ  at x l . 
The following assumptions are made for obtaining the equation of motion. 
1. The beam transverse deflection is small, and is the same everywhere in a given cross section. 
2. The metallic layer obeys Euler-Bernoulli assumption of beam theory. 
3. The layers are perfectly bonded so that displacements are continuous across the interfaces. 
4. Rotary inertia effects in layers are negligible. 
5. Damping in the viscoelastic core is predominantly due to shear. 
6. Bending and the extensional effects in the core are negligible. 
The expressions for potential energy, kinetic energy and work done are as follows: 
   2 2 2 * 2 2 21 1 1 , 3 3 3 , 1 1 3 3 , 2 2 2
0 0 0 0 0 0
1 1 1 1 1
'
2 2 2 2 2 2
l l l l l
x x s
l
x
BV E A u dx E A u dx E I E I w dx G A dx G bd w dx k x w dxJ      ³ ³ ³ ³ ³ ³  
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Where 1U  and 3U  are the axial displacement in the top and bottom layer and 2J  is the shear strain in the 
middle layer given by, 
,1 3
2
2 22 2
xcwu u
h h
J   . 3U  is eliminated using the Kerwin’s assumption [18]. The application 
of the extended Hamilton’s principle,  2
1
0
t
p
t
T V W dtG    ³  , leads to the following non-dimensional equations of 
motion. 
   1 1
3 3
2
, 2,3 3
1 131 31 31 31
,
2( )3 3
1 , 0
2 21 1
h hs
xxxx xx xxtt xw
l lG hk x l
Y w P t w w Y
E l E cE h E h
G Jª º« »       « » ¬ ¼
  (1) 
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*
1 1 2 2 2 2 2 1 1 2
2, 2 ,
2
2 2 2 2
0
(1 ) 2 (1 )xx xxx
E A h c h G A lc h E A h c
w
l c h c l
J JD D           (2) 
Where, 
3 24 2
2 2
, 2, 2,4 2 3 2
, , , ,xxx xx xxx xx
w w
w w
x x x x
J JJ Jw ww w    w w w w  
2
1 1
(1 )
E A C
Y
D D             (3) 
is the non-dimensional geometric parameter with 1 1 3 3( ) ( )E A E AD  and 1 1 3 3D E l E l   Equation (2) can be 
simplified as  
*
2 2 2
2, ,
2 2
0xx xxx
h Y g Yh
Yw
c c
JJ            (4) 
The following are the associated boundary conditions to be satisfied at 0x  and 1x  . 
     1
3
2
, 2, ,3
1 31 31
32
1 0
2 1
s h
xxx xx x
G lh
Y w Y P t w
c E l E h
GJ
ª º« »     « »« »¬ ¼
     (5) 
Or  0w             (6) 
  2, 2,21 0xx xhY w Y
c
J            (7) 
Or , 0xw             (8) 
2
2, ,
2
0x xx
h
w
c
J             (9) 
Or  2 0J             (10) 
In the above, 2J is the shear strain in the core layer, x x l , 0t t t , 
 40 1 1 3 3t ml E I E I   
31 3 1h h h , 21 2 1 121h h h h   
Also 0 1 cosP P P tZ  ,  20 0 1 1 3 3P P l E I E I  , ,x ww
x
w w  and ,t
w
w
t
w w  etc. 
 31* 22 1* 31
3 21 314
1hG lg
E h
E h
h
  is the complex shear parameter, * (1 )g g jK  , g being the shear parameter. 
2.1 Approximate Solution 
 Solutions of equations 1 and 2 are assumed in the form 
     
1
,
i p
i i
i
w x t w x f t
 
 
 ¦           (11) 
     22
1
,
k p
k k
k p
x t x f tJ J
 
 
 ¦          (12) 
Where, p and q are to be suitably chosen for convergence.  Here iw  and kJ are the shape functions and if  and 
kf are the generalized coordinates. iw  and kJ are to be chosen to satisfy as many boundary conditions(equations 5 
to10) as possible [23]. The shape functions used for the different boundary conditions are same as that of Ray and 
Kar [22]. 
1. For Pinned-Pinned (P-P) case    siniw x i xS ,    osk x c k xJ S  
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2. For clamped-clamped (C-C) case        1 2 32i i iiw x x x x      
        1kkk x x xJ    
3. For clamped-pinned (C-P) case        1 2 32( 2) (4 6) 2( 1)i i iiw x i x i x i x         
          11 kkk x k x kxJ    , where k k p   
               Substituting above equations in equations 1 and 4 and use of the general Galerkin method yields the 
following matrix equations of motion in the generalized coordinates. 
> @^ ` > @^ ` > @^ ` ^ `1 1 21 1 12 0Q Qm Qk k           (13) 
> @^ ` > @^ ` ^ `21 1 22 2 0k Q k Q           (14) 
Where, ^ ` ^ `11 , ..............., TpfQ f          (15) 
^ ` ^ `12 2, ..............., Tp pfQ f         (16) 
Also 
0
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ij i jM w w dx ³           (17) 
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1 " " ' 'ij i j i j i jk Y w w dx w w dx P t w w dxª º  )  < ¬ ¼³ ³ ³      (18) 
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3
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> @ > @21 12 Tk k            (23) 
The equations (13) and (14) further simplified to 
> @^ ` > @ > @ ^ `  > @^ ` ^ `1 10 11 cos 0Q Qm k P H P t QHZª º    ¬ ¼       (24) 
Where, > @ > @> @ > @112 22 12 Tk k k k kª º ¬ ¼         (25) 
1
0
' 'ij i jH w w dx ³           (26) 
And  
1 1 1
0 0 0
1 " " ' 'i j i j i jijk Y w w dx w w dx w w dx
ª º   ) <¬ ¼ ³ ³ ³      (27) 
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In this work the sandwich beam with three different boundary conditions viz. (a)clamped- clamped, (b)clamped-
pinned (c)pinned-pinned have been considered. For free vibration analysis of the system ( )P t  is taken as zero 
(i.e. 0 1 0P P  ) in equation (24). The natural frequencies can be obtained by finding the Eigen values of the 
resulting 1m k matrix. 
3. Numerical results and discussion 
The asymmetric sandwich beam is assumed to rest on a variable Pasternak foundation whose stiffness of the 
elastic foundation is assumed to have parabolic variation of the form,      ^ `21 4 1 ek x x xJ     , [4] where eJ  
denote the elastic foundation parameter. 
Numerical results were obtained for various values of the parameters such as non - dimensional geometric 
parameters, core loss factor, modulus ratios. Taking the axially applied periodic load to be zero and  a constant 
modulus of spring without considering the parabolic variation , comparison of the above results have been done with  
Dash et al. [16] and  good agreement was observed.  
The values of the various parameters used, unless stated otherwise, are as follows.  
1 1 1 2 1 10.001, 50, 0.003, 1.0h SK E l G E G E     
3 1 21 31 00.003, 0.05, 1.0, 0.25, 0.75, 0.05l E E h h PK G       
Figures 2 to 8 show the effect of various system parameters on the natural frequencies of the system 
 
Fig. 2. Variation of Z with lG    Fig. 3.Variation of  Z with 2 1G E  
Fig.2 shows the variation of natural frequencies with lG . With increase in the value of lG , the natural 
frequency  Z  increases and the variation is linear for all the cases considered. The natural frequency is highest for 
the C-C case, lowest for P-P and for the C-P case natural frequency is in-between the C-C and P-P.  
The variation of natural frequency with 2 1G E is shown in Fig. 3. From the figure it is clear that the natural 
frequency is independent of 2 1G E  for all the 3 modes and for the considered boundary conditions. C-C case has 
the highest natural frequency and P-P case has the lowest natural frequency. 
 
Fig. 4. Variation of   Z   with 1sG E   Fig. 5. Variation of  Z with 31h  
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As shown in the Fig. 4 when 1sG E is increased, the natural frequencies increase linearly for all the conditions 
considered. The natural frequency is highest for the C-C case for all the three modes. 
Fig. 5 addresses the effect of  31h  on the natural frequency of the system. For all the three boundary conditions 
the natural frequencies decrease non-linearly with increase in the value of 31h  and for larger values of 31h  (i.e. 
31h >4) the natural frequencies remain almost constant.  
The natural frequency  Z  increases non-linearly with increase in the value of  1lh  for all the cases as shown in 
Fig. 6. The rate of increment increases from first mode to third mode. For lower values of 1hl  (i.e. 1 15lh  ), the Z , 
remains almost same for all the cases considered.  
The natural frequency is independent of core loss factor, as shown in the figure 7. Hence the damping property 
does not affect the natural frequency of the system. The natural frequency  Z  is highest for the C_C case, lowest 
for P-P case and it is in between C-C and P-P for the C-P case.  
 
 
Fig. 6. Variation of  Z  with 1hl    Fig. 7. Variation of  Z  with K  
 
Fig. 8. Variation of  Z  with eJ  
As shown in the Fig.8, the natural frequency increases with increase in elastic foundation parameter.  Since the 
increment is very marginal, the variation is not clearly visible in the figure. 
4. Conclusion 
In this paper, a computational analysis of the free vibration of an asymmetric sandwich beam with viscoelastic 
core resting on a variable Pasternak foundation is considered. The natural frequencies have been obtained by using 
the computational method. The programming has been developed by using MATLAB. The following conclusions 
are drawn from the study.  
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The natural frequency of the above system increases with increase in eJ , lG  , 1sG E , 1hl .The natural frequency 
decreases with increase in 31h .Natural frequency is independent of 2 1G E andK . For the system to avoid its failure 
when it subjected to some external excitation any of the natural frequency of the system should not match with the 
frequency of excitation. This can be done by designing the system in such a way that the system should have higher 
natural frequencies. Hence for the system to have higher natural frequencies eJ , lG , 1sG E , 1hl  parameters should 
have larger values.  
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